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[1 ] � Euler �! �"$# de Moivre �% �"'&(�)
x *!+-,.# eix /10 "32�4�57698;:

eix ≡
∞
∑

n=0

(ix)n

n!

< �>=�?@# 0 " /BA$C :
(1) eix = cos x + i sin x (Euler �! �" )

(2) • eix1eix2 = ei(x1+x2) (x1 # x2 D (�) )

• (cos θ + i sin θ)n = cos nθ + i sin nθ (de Moivre �; �"FE
[2 ] �HG�IKJ�L'#�MONKP�Q�"F&R�S �UT�VW�!G�I ) z1 # z2 *%+�,BX�Y'Z /@A$C :

(1) z1 + z2 = z̄1 + z̄2, z1z2 = z̄1z̄2, |z1z2| = |z1||z2|.
(2) ||z1| − |z2|| ≤ |z1 ± z2| ≤ |z1| + |z2|

[3 ] �\[F]�"F&0 �!GOI ) / [K]�"32�^_,.#`G�IKaKb�cd*fe A$CUg :
(1) (1 +

√
3i)5, (2) (1 + i)−3, (3)

1 − i

1 + i

[4 ] Euler �% �"3h$i de Moivre �! �" /;j3k XlY'Z /nmdolCpg :

(1)























cos3 θ =
3

4
cos θ +

1

4
cos 3θ,

sin3 θ =
3

4
sin θ − 1

4
sin 3θ.

(2) cos4 θ =
1

8
cos 4θ +

1

2
cos 2θ +

3

8

1



[5 ] 0 �����K" /���� :
(1) z5 = −32 � �U/ G�I�a�b�c>* e A E
(2) z2 = 1 + i

(3) z2 = 5 − 12i

(4) z2(1 − z2) = 16

(5) z6 − 2z3 + 2 = 0

(6) z2 + (i − 2)z + (3 − i) = 0

(7) (1 + z)5 = (1 − z)5

[6 ] 0 �
	����� /���� #'e A$Cpg :
(1) 11/4, 11/7

(2) (−1 + i)1/3, i2/3

[7 ] n 0 ����" zn = a i n ��� �p/�� V`: <���� 6��KX$� � ��� � 0 *�!$8 < = /A$C � n ≥ 2) :
[8 ] |z| < 1 ! �#" # ∞

∑

n=0

zn =
1

1 − z
2�$F8!: <#� /;j3k X`# |r| < 1 �>=l? 0 "%��&

')( V < = /BA$C :






























∞
∑

n=0

rn cos nθ =
1 − r cos θ

1 − 2r cos θ + r2

∞
∑

n=0

rn sin nθ =
r sin θ

1 − 2r cos θ + r2

[9 ]
(�)�*�) � n 0 ���K"

P (z) = anzn + an−1z
n−1 + . . . + a1z + 1 = 0

*,+ k X`# z = α ��-'V'� � 2.$$8�! ��" ᾱ / � 2.$F8 < = /BA$C :
�10�243 D P (z) = P (z̄) /�576fA 6�: E

2
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1. G�IKa�b
(i)
(� =��  z = x + iy (x, y :

(�)
) (z̄ = x − iy)

(ii) [K^ A
• z = r(cos θ + i sin θ) (r, θ :

(�)
)

(x = r cos θ, y = r sin θ)

• Euler �! �"
eiθ = cos θ + i sin θ

/�j7k 8 =
z = reiθ

2. �� � z1/n

• 4�5 : wn = z *;+$698 w � �
• z = reiθ = +��f= # 4�5 g '

z1/n = n

√
r exp[

i

n
(θ + 2πk)] (k = 0, 1, . . . n − 1)

��� S E ���� z1/n i n ����� / =!8!:
• � D 81/3 = 2, 2e

2π

3
i, 2e

4π

3
i

3
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[10 ]  "!$#&%('*)+*,.- %/' f(z) 0214365879%/';:2<.=?>&@?AB0.CEDGF$H$I$J$K�LNM8!$#&M&O*>
@*A(:QP*R�S
(1) f(z) = z2 − 4iz + 3

(2) f(z) = zn (n ≥ 1 TVU�' )

[11 ]  Cauchy-Riemann
- %/W�XY)

Cauchy-Riemann
- %/W�X;:[Z&\^]_5 +*,.- %�' f

- !�#�`;:ba*cdCbS
(1) f = z̄

(2) f = zRe(z)

(3) f = |z|2

(4) f = ex(cos y + i sin y)

(5) f = sin x cosh y + i cos x sinh y

[12 ]  "a�e.%('�Af!�#$`Y)+g,?- %B' u(x, y) h�a^e*%('?MgOg>Y@YAB:QPi3_@Qjlk - u 0m1i3n5 f(z) = u+ iv
:b!�#4A6o9> v(x, y) :p<&=NCbS�qr@ - C.sQt u 5 v u ( v9\Y0pw -2x^y$z %�'�Ab\{ jN>mS x;| kp0 f : z M/}*R�S~q [13](2) u2Z.\$t�\�S x

(1) u = 2x(1 − y)

(2) u = ex(x cos y − y sin y)

(3) u = e−2xy sin(x2 − y2)

[13 ] !�#9t_%�' f(z) = u(x, y) + iv(x, y) 0B1�3�5

(1)
df

dz
=

∂f

∂x
= −i

∂f

∂y
:bP*R�S

(2) f(z) = 2u(
z

2
,−

iz

2
) + ��' (a)

:bP*R�S
(3) [12]

-
(1)∼(3) M_<&=�� f(z) h (a) X�:[���/od@*A(:b�.�Y=.CbS

[14 ]  L’Hospital
-B� X*)

!?#�%^' f(z) 5 g(z) h$5 f(z0) = g(z0) = 0, g′(z0) 6= 0 M9ON>�A^�(5_� -
L’Hospital

-2� X�:bP*R�S
lim
z→z0

f(z)

g(z)
=

f ′(z0)

g′(z0)

1



[15 ]  cd� � ' -������	� )
cd� � '

∞
∑

n=1

anzn 0(1�3�58W$' an h +?,.- CNsp0�
�;k�jN>����d0��g\�]_5 �
���	� :m<.=NCbS

(1) an = n−n, (2) an = nlog n,

(3) an = (log n)n, (4) an =
4n

(n + 1)3
,

(5) an =
1

(2n − 1)!
, (6)

{

an = 1 (n = m2 [m T�����' ])
an = 0 ( � +���-

n)

[16 ]  ���'.%('*)
F$H9%�';0	�?\$]��g'9%8'l:m�gXNM����.oE>�S qn  �"!?)gM - ����A$#dt?> - M%�& S x

exp z ≡ 1 +
z

1!
+

z2

2!
+ . . . =

∞
∑

n=0

zn

n!
(b)

@[j&0m1�3 +Y, :bP*R^S
(1) '(Yt z 0B1 3�5*)�0 exp z u+',(.-;:0/d>BS
(2)

d

dz
exp z = exp z

(3) exp z1 exp z2 = exp(z1 + z2)
( 13254�T f(z) = exp z exp(a − z) :06�7 )

(4) • exp z = ex(cos y + i sin y) (z = x + iy)

• exp(z + 2πi) = exp(z)

• exp z = exp z̄

[17 ]  98;:&%('*)
8*:&%(' cos z 5 sin z :b��X&M����&oN>BS

cos z =
∞
∑

n=0

(−1)n z2n

(2n)!
, sin z =

∞
∑

n=0

(−1)n z(2n+1)

(2n + 1)!
(c)

+Y, :QP*R�S

(1) cos z =
eiz + e−iz

2
, sin z =

eiz − e−iz

2i
, sin2 z + cos2 z = 1

(2) <*=$��>
{

sin(z1 + z2) = sin z1 cos z2 + cos z1 sin z2

cos(z1 + z2) = cos z1 cos z2 − sin z1 sin z2

(3)
d

dz
sin z = cos z,

d

dz
cos z = − sin z

2
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3. !�#&%('
• ��� TVF�HgI�J - OY>��� D 0	�g\^]_5Y%/' f(z)

- 6�7�W�'
df

dz
= lim

z→z0

f(z) − f(z0)

z − z0

h�)�0����.oN>9A���� f(z) u��� D 0��$\^]/!�#�t_%�'&M*OY>2S
•

%�& T %�' w = f(z) (= u(x, y) + iv(x, y)) 0B1 3b] 6�7�W�'
∂u

∂x
,

∂u

∂y
,

∂v

∂x
,

∂v

∂y

h�����3[]*\�]��[5 f(z) u(!$#�Amu (�k[t$\8S Cauchy-Riemann
- %8W$X

h�� D��,�d@*A��! �"YS
q >$# x

∆f ≡ f(z + ∆z) − f(z) 0 �g\�]�% �?>BS 2 � - 6�&�'�:�(�)&oN>9A
∆f '

df

dz
∆z '

df

dz
∆x + i

df

dz
∆y (1)

*�+ 5 u A v :pZ&\?>9A 5
∆f '

(

∂u

∂x
+ i

∂v

∂x

)

∆x +

(

∂u

∂y
+ i

∂v

∂y

)

∆y (2)

Apt?>2S (1) 5 (2) X�,�-.M^5 ∆x A ∆y
- W�' u�./j0//j�1 3326t54�j76�t

kbt�\�S;@ -�8�9 C�D Cauchy-Riemann
- %/W�X&h�7N�^jN>BS

4.
� ' - ��� `

• :$1 ��� � ' T � '
∞
∑

n=1

un M_5
∞
∑

n=1

|un| h ��� oN>;� - S
•

� ' ����-=< �;= T
(a) >@? = T

∞
∑

n=1

|vn| h �;� 3n5(�;��5 |un| ≤ |vn| tdk�625
∞
∑

n=1

un u�:�1 �*� S
(b) >�A*= T lim

n→∞

|un+1/un| = L M?Og>9A��[5 L < 1 t�k�6=:�1 ��� M*OlD 5
L > 1 t;kB6�C�D*S~q lim

n→∞

n
√

|un| = L ME�GF=H 0 < �.M��8>BS x

• c � � ' q f(z) =
∞
∑

n=1

anzn
xN-���� ` T

�	�
R
-JI8-�KGL q |z| < R

x M�)E0 ��� 365 I���L MYu )�0MC�D?oN>9Ab\
s 5�NJO5PRQ R h����?oN>2S

•
�����	�

R
- <&= + T
1/R = lim

n→∞

sup n
√

|an|, or 1/R = lim
n→∞

|an+1/an|

3
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[18 ] !#"%$'& (*),+.-./10
(1) ! n 2 3547698;:<+�-�=�>10 & (

∞
∑

n=1

un 6,?A@<B lim
n→∞

n
√

|un| = L C�D5E9F
:HG�IKJ L < 1 LNMPORQ.? +�-S@'J L > 1 LTMPO,U�VWFX:KYKZ\[H]K^�_

(2) "X$`&�(
∞
∑

n=0

anzn 6a?b@cB lim
n→∞

|an+1/an| C\DdEKFe:cG�I1J<+ -.f;gX)Ph�ijJ
1/R = lim

n→∞
|an+1/an| Clk�monep*YKZ\[P]K^ _

(3) lim
n→∞

n
√

|an| C;D EWFe:HG�I�)R+.-jfdg�)Rh�ijJ 1/R = lim
n→∞

n
√

|an| [H]1^ _

[19 ] !rqXsRteul(K0
cosh z v sinh z wRx.iWy�>�z|{,}X:R_

cosh z =
ez + e−z

2
, sinh z =

ez − e−z

2~1� [<]K^�_

(1)

{

sin(iz) = i sinh z, cos(iz) = cosh z
sinh(iz) = i sin z, cosh(iz) = cos z

(2) • cosh2 z − sinh2 z = 1

• d

dz
cosh z = sinh z,

d

dz
sinh z = cosh z

•
{

sinh(z1 + z2) = sinh z1 cosh z2 + cosh z1 sinh z2

cosh(z1 + z2) = cosh z1 cosh z2 + sinh z1 sinh z2

(3)

{

sin z = sin x cosh y + i cos x sinh y,
cos z = cos x cosh y − i sin x sinh y,

{

sinh z = sinh x cos y + i cosh x sin y,
cosh z = cosh x cos y + i sinh x sin y

(4)

{

| sin z|2 = sin2 x + sinh2 y,
| cos z|2 = cos2 x + sinh2 y.

[20 ] !�? (eu\(K0
(1) ( ��� ) ?5(9u�( w = u+ iv = log z w w = ez )a�9u\(�Z;@<B�> zT{P}e:a_9Y
)7Zl$ u = log r J v = θ + 2nπ (n �����*),��(K�%����@'J z = reiθ �%[H]K^ _
��YP}*8�m�J log z wa�e�;���Wu�(ey1�K:9YKZcC��1�W:R_��

(2) e4z = i [H�*�H_
(3) log i J log(

√
3 − i) ),�T[�F�"1B5�W��8H_

1



[21 ] ! � ��� u�(KJd�jqXsRtWu�(K0~1� [����;^%8 � 1/2 2eC	� �Wy1�1:WYKZ,6�
��j� _
(1) sin−1 z =

1

i
log[iz + (1 − z2)1/2]

(2) cos−1 z =
1

i
log[z + (z2 − 1)1/2]

(3)







sinh−1 z = log[z + (z2 + 1)1/2],

cosh−1 z = log[z + (z2 − 1)1/2]

(4)























tan−1 z =
1

2i
log

(

1 + iz

1 − iz

)

,

tanh1 z =
1

2
log

(

1 + z

1 − z

)

[22 ] !� 2Wu\(K0
u�( zα � a � � ��(K�7[ exp Z log [���� B��S@'J zα ),Q.? ��Z�� � [a�e��8H_

[23 ] x�)�����i�);F "1BK)R�%[,�W�X8H_
(1) sin z = 0 J sinh z = 0

(2) cos z = 0 J cosh z = 0

(3) cos(1/z) = 0 ( �N[��l]1^N8H_ �

[24 ] x�),(*),�|[�F ".B5�W�X8H_
(1) sin−1 2, (2) cos−1 i, (3) cosh−1 i,

(4) tan−1 2i, (5) ii, (6) 1
√

2

[25 ] ! t������ ���.i"!W)$#%� �'&�(*),+1� 0- u�(*6R?9F�:.�%� �/�ji
L

d2Q

dt2
+ R

dQ

dt
+ Q/C = f(t)

6;p��5B�0219:R_ � L, R, C w - (K_ �
(1) f(t) = E0 cos ωt � E0, ω � - (1��),G.IKJ43 pK)R�*w

Q = Re

(

E0e
iωt

iωR − ω2L + 1/C

)

y�5�1TM`}X:9YKZ�[H]K^�_7698�JNY\)RG�I*),:9; �T[,�W��8H_
(2) f(t) = E0 eγt cos ωt � γ � - (j�W)HG.I*6,?�@`J�<>=%6�@<B9:�; �%[,�9�e8H_

2
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5. ���Wu\(KJ���1J Riemann �
(1) ���Wu�(*)�� � �52�3

w = z1/4 (w = z4 ),�eu\( ) = 4
√

rei( θ

4
+πk

2
) (k = 0, 1, 2, 3)

4 �*)R���Wu�( . . . :5�76�� 6�MHL��;_
(2) ���Wu�(*) 3 �Wu\(��

(a) ��*)���� ���Wul(T[���� p��9) 3 �Wu\( � ��j�X6>���1:R_
� � w = f(z) = z1/4: �RpK)$��W�AMPLK:























f1 = 4
√

rei θ

4

f2 = 4
√

re
i

4
(θ+2π)

f3 = 4
√

re
i

4
(θ+4π)

f4 = 4
√

re
i

4
(θ+6π)

(b) Riemann �X)$��� (z ),> z��T[����j: ) _
� �� �� → Riemann �
� � w = z1/4

• 0 ≤ θ < 8π

• z1/4 ) Riemann ��wR� �� ����"!e�AMHL1:�_
• Riemann �*)$#�%;)$ &�%[('l}*)l}43 p1)$��*6�?�#|{a^�:R_

(3) ���e�d���.�Wu�(�)+�
log z, sin−1 z, sinh−1 z, zα (α : � � ( )

3
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[26 ] � Green  "!�#%$&%'  )(�*)+-, D .)/10325476�8:9"; C <)=?>A@CB &  DFEHG%IJ 5K Green  
!�#L2NMJO�PRQTS

∮

C

(P (x, y)dx + Q(x, y)dy) =
∫ ∫

D

(
∂Q

∂x
−

∂P

∂y
)dxdy

C

D

x

y

Figure 1

[27 ] � Cauchy  U!7#%$
(1) Green  U!�#V2XWJY[ZC@CB &  Cauchy  U!�#\2]MJOCPRQTS

� f(z) ^ D`_%a�K:8b9"; C  dc[eJf�Qdg7hUiJj5k�l3*Lmon�@
∮

C

f(z)dz = 0 j%pbq"Sr$
(2) f(z) ^ Ds_�t�u-K�+�, D j�k�l:jbp-qv.�wT@ D h� VEyx a @ b <U=z>]Zd;�{| ∫

b

a

f(z)dz }VE~x�2Auv�U����<[}o��m]*�Y3�-.)2 Cauchy  �!�#�2oW%YCZ
MJO[PRQTS

(3) (2) .o�"(�*"���R<"=�>A@CB & 2]MJO[PRQoS
F (z) =

∫

z

a

f(η)dη }U+�, D j5k7l�j%p\��@ d

dz
F (z) = f(z)

[28 ] � |z| = a 2Tk� ��vw1<da�c%�3qT{ | � C <"=�>A@ (z = aeiθ .C>AK[G� "{ | 2�-� <"�C��PRQTS�D��?> n @ m }U���%@ z = x + iy K
(1)

∮

C

z2zdz, (2)
∮

C

(z2 −
i

z
+

3

z3
)dz, (3)

∮

C

zndz,

(4)
∮

C

zmdz, (5)
∮

C

(x + y)dz,

1



[29 ] z ���� ����% ��-x�^ D π
2
,
π

2
+ i,−

π

2
+ i,−

π

2
) j:p:q
	���L2ok��J�-<5a[c:�

qT{ | � C <"=�>A@[G� X{ | 2 �b� <)���:PRQoS
(1)

∮

C

eRe(z)dz, (2)
∮

C

eIm(z)dz, (3)
∮

C

Re(cos z)dz,

(4)
∮

C

Im(cos z)dz,
∮

C

cos zdz(=
∮

C

Re(cos z)dz + i

∮

C

Im(cos z)dz)

[30 ] �����b �����!�#b@����������b X!�#
(1) 2 G%I���� D �!�bK%j�!�"$#"0�Z-Y:q�%�� f <"= >A@CG�&V2(':P�S

∫

S

∂f

∂x
dxdy =

∫

C

fnxd` (a)

D�� > @)+�, S }18-9U; C j�4*))0�Z7Y%qUS,+�@ n }18-9U; C <U= > @�-�.
j0/3�Jw5 "_�1*2��3�54%j%p ��@ nx }7/[ x 6 | j%pbq"S K

(2) (a) &V2 3 G-I����:<�7�8 >�9�:d Cj%pbqoG!&V2
'%P�S
∫

V

df

dx
dV =

∫

S

fnxdS (b)

+%}
∫

V

gradfdV =
∫

S

fdS (c)

(3) (a) &;+%} (b) &V2XWvY[ZC@CB &  ������% �����!7#%@*���������b )!�#L2
MJO[PRQTS























∫

V

divAdV =
∫

S

A · dS

∫

S

(rotA) · dS =
∫

C

A · d`

[31 ] Cauchy  U{ |�< & Q��~G3 < &V2='%P�S
f (n)(a) =

n!

2πi

∮

C

f(z)

(z − a)n+1
dz (Goursat  < & )

D �o0�Q�� @Jp-qT+�,Jj1k�l3*>%d��}5@,?A@�jB:DC |�E>F j%p%q%�%.N^�GIHvq"S K

[32 ] 8b9"; C : z = a + εeiθ (ε → 0, 0 ≤ θ ≤ 2π) <"= >TZ�@ Cauchy  "{ |�< &

f(a) =
1

2πi

∮

C

f(z)

z − a
dz (a)

^06 �KJA�R�%.d2U@ θ <L�7Y[Z: U{ | 2(M$N)ZPOAH�QvQoS
2
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6. ���;�{ |
∫

C

f(z)dz = lim
n→∞

n
∑

i=1

f(zi)∆zi

+%}
∫

C

f(z)dz =
∫

C

(u + iv)(dx + idy)

=
∫

C

udx −
∫

C

vdy + i(
∫

C

vdx +
∫

C

udy)

7. Cauchy  U!7#3*��
f(z) ^"_-a�879T; C  Uc5e:fvQXg[hoi%j)k[l-j-p�qN���7@�B &  ���&b^P6�� J��5S
(1)

∮

C

f(z)dz = 0 (Cauchy  "!�# )

�d U!�#zQ���@�{ | ∫

b

a

f(z)dz }U���R<�}X��m���<�� )�qUS
(2) • f(a) =

1

2πi

∮

C

f(z)

z − a
dz D Cauchy  U{ |�< & )

• f (n)(a) =
n!

2πi

∮

C

f(z)

(z − a)n+1
dz D Goursat  < & )

8. k�l;%d�� �C�{ |

• ��!�{ | ∫

z

f(z)dz ^�!�"Jj�w�q D 7(1) Q3� ) S
• D����bK*%d� f(z)  ��A%5��.���!�{ | <"= >oZC@ � %��� �C�{ | <�f��-q

:) �.T�! < &%^�6 � J;�1SL+�@o{� C |#" �!6*%d�3 C | @oi | { | <U=
>TZB:]@ � �� �.�w�.o�)(�* < &:^06�� JA�CS

3
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[33 ]  |z| = 1 !#"%$'&)( ∮
C ezdz *�+-,/.103234#!/5�67(-8:9�*<;3=�>

(1)
∫ 2π

0
ecos θ cos(θ + sin θ)dθ =

∫ 2π

0
ecos θ sin(θ + sin θ)dθ = 0

(2)
∫ 2π

0
esin nθ cos(θ − cos nθ)dθ =

∫ 2π

0
esinnθ sin(θ − cos nθ)dθ = 0

[34 ] [ ?�@3ACB#DFE�G�H ]

(1) f(z) I)JLK z = a (NMNO r BP C B)Q#R�SCT#U-V/W�X�Y�WPZP0C4[.\0#>C2'B4N] Cauchy B�^F_�`Fab516c(ed�B#f�g�a h Cauchy BLiFj�aPk�*ml\n-=o5<>
|f (n)(z)| ≤

Mn!

rn
(n I 0 p3I#X�BLq�@ ) (a)rts ( M I#VuB�v�w\W |f(z)| < M *yx{ze.NG�@3>

(2) (a) BLf�g�a|*~}\�)&-(-d�B Louiville B#G�H%*<l\n)=o5<>���N�����
|z| < ∞ !#�)��&�( (i) f(z) I~XNYFW�(��e� (ii)f(z) Iy��� (|f(z)| <

M *~��!#x�z�. M �N���/.C0 ) �|�~�N( f(z) I#G�@\W3ZP0'�
(3) Liouville B�G�H�*�}/�)&-()d1BL?�@3A\BLDFE)G�H%*ylCn)=o5y>� d�@ n ≥ 1, an 6= 0 �30<�C&3BL?)@3���Pa

P (z) = a0 + a1z + . . . + anzn = 0

I#�����e4-�b�7�:BL�|*~ /�->¡�
(4) �/&:B n d1B�?)@:�N��aCI�(P¢1£e¤�¥ n ¦1B��o*y 3�{2P4'*�(~?)@:A/B~D�EG�H%*�}/��&N;3=)>

[35 ] §�@ n B#¨u!L©3.10~ª)@{BL`�a
Resf(a) =

1

(n − 1)!
lim
z→a

dn−1

dzn−1
[(z − a)nf(z)]

* Goursat B'`�a|*�}/�-&N«{¬N=o5<>
[36 ] d�B��@{BL¨%*'.)®P&-¯\°N(-±�¨{!e�/²P0~ª�@%*�¯\°C5<>

(1)
eπz

z2 + 1
, (2)

1

zn + 2
, (3)

1

cos z
, (4)

z2n

(1 + z)n

1



[37 ] d�B'U���^P_|*��)G����/z	��
� C !L© s &-¯\°\5<>
(1)

∮
C

ez

z − 1
dz (C :  |z| = 3)

(2)
∮

C

sin 3z

z + π/2
dz (C :  |z| = 3)

(3)
∮

C

ezt

z2 + 1
dz (C :  |z| = 3)

(4)
∮ ezt

(z2 + 1)2
dz (C :  |z| = 3)

(5)
∮

sin 6z

(z − π/6)3
dz (C :  |z| = 1)

(6)
∮

C

dz

z4 + 1
dz (C : ���3� ± a,±a + i2a BLX:���P> rts a I'X�B��@ )

(7)
∮

C

dz

(z2 + b2)5
(b : ��@3( C : (6) 4���� )

[38 ] [37] B (6) ( (7) B����|*�}��)&-()d�B#G�^F_o*L¯/°C5<>
∫

∞

−∞

dx

z4 + 1
,

∫
∞

−∞

dx

(z2 + b2)5

2
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9. ª�@�G�H
(1) ª�@

• f(z) � C Q�! � ¦CB���� � z = a *m P�|4�]y(��-B��PWFB�ª�@ Res f(a)*<dFa�W�G��/.C0'>
∮

C
f(z)dz = 2πi × Res f(a) (a)

• [ `�a ] ��� � z = a � f(z) B n §1B#¨/W�ZP014�]<(eª)@{I#d�a�W����� �10#> h [35] ���Fk
Res f(z) =

1

(n − 1)!
lim
z→a

dn−1

dzn−1
[(z − a)nf(z)] (b)

• f(z) � C Q:! n ¦{B������ (a1 ∼ an) *�� �"!�#�( f(z) B�U ��^:_{Id�a\W$�%�%� �C0'>
∮

C
f(z)dz = 2πi

n∑
i

Res f(ai) ( ª�@FG�H ) (c)

(2) U���^F_�BN¯/°N�
(i) ��
 � C QFB������ h ¨Pku*�.�®P&�&F�3²:0L>
(ii) ±���� ��!e��²P0�ª�@ Res f(a) *#¯/°�0 h (b) aPk >
(iii) (c) ab5�6 U���^F_/�-¯('�0L>

(3) ����� h*)FX�Y ��kCB�+�,
(i) ¨ ( - ) f(z) = (z − a)−n !L© s ( z = a I n §�B#¨
(ii) .0/�1�21�3����� ( - ) f(z) = sin z/z !L©3.10 z = 0

(iii) 4�5��6��� ( - ) f(z) = e1/z !L©�.C0 z = 0

(iv) _87 � ( - ) f(z) = z1/2 !L©�.C0 z = 0

(v) 9�^8�6��� ( - ) f(z) =
1

cos(1/z)
!'©3.\0 z = 0

h 2��/!'© s ( (i)∼(iv) I;:�<8�����t4 _6, ���C0L> k

3
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[39 ] "�#�$ un(z) %'&)(+*�,.-�/1032 D 4657% |un(z)| ≤ Mn 869�:<;>= ,@?A#

∞
∑

n=1

Mn 8CBEDGF /�HJI1K�LNMO#P$ Mn 8CQAR.F /�S6T�,P"U#EVE?A#
∞
∑

n=1

un(z)W
D 4�X6Y Z\[!]U^�&A_ BADPF / Z Weierstrass M M `!a!bP_dc7e�fJg1hji@*Uk

Mmlj"'#�VA?�# 8Un apomf�q+0�2.4�X6Y BAD�F /U[prEI�[UsPtuHvc
(1)

∞
∑

n=1

zn

n
√

n + 1
( 0�2 w |z| ≤ 1 _ , (2)

∞
∑

n=1

cos nz

n3
( 0�2 w |z| ≤ 1 _ ,

(3)
∞
∑

n=1

1

z2 + n2
( 0�2 w 1 < |z| < 2 _

[40 ] t7Tx?�# ∞
∑

n=1

anzn 8 z = z0 (6= 0) 4 BAD�F /�S�T1,@y3zNgv{.|@}~Hvc
(1) �NM+?�# W |z| < |z0| %m&�(v*U^A& BED�F /mc�Z��3���Jw��@�E�~T�K n %m&�(

* |an| < 1/|z0|n 8U9�:d; ]~e3S'g!�'�C� F c�_
(2) |z1| < |z0| S F fP� |z| ≤ |z1| %C�3i@*��NM+?�# W X6Y BAD�F /mc
(3) �7Mm?A#�S�,.�AMOl!V~M+�G"U#pgvV�S F /�?�#

∞
∑

n=1

nanzn−1 S W!�~� BED�6� gv�j]�c�Z�e1f W t7T�?�#NMmVA�!�A� 8@��� 4P-3/�e3S�gv�)(v*Eij/+c�_
[41 ] Taylor M+aA  ¡£¢ a gC¤'¥�S F /E¦ C M!§O¨.4 f(z) 8 L�©NKuª1�C,�¦ C §m¨

M F tA*PM'¢ z %m&�(x,�i@«A¬G/ Taylor j®PMm¯
f(z) =

∞
∑

n=0

f (n)(a)

n!
(z − a)n

8U9�:°; ]�±Ng Cauchy Mm²A�!³�¯ug�h.i�*@,6{j|�}uHvc
[42 ] Laurent M+a�  ¡�¢ a g6¤'¥´S�(x, �6� r1, r2 (r1 > r2) M�µ�]PM � ¥7¦ C1 ,

C2 %�H :·¶ �mfPq�¦¹¸!0�2 D M�§�¨�º.»m¼6½!�j4 f(z) 8 L�©GK~ª¹�',v0!2 D §
M F tA*PM'¢ z %m&�(x,

f(z) =
∞
∑

n=0

an(z − a)n +
∞
∑

n=1

a−n

(z − a)n
(Laurent j® )































an =
1

2πi

∮

C1

f(z)

(z − a)n+1
dz

a−n =
1

2πi

∮

C2

f(z)

(z − a)−n+1
dz

8U9�:°; ]�±Ng Cauchy Mm²A�!³�¯ug�h.i�*�{.|@}~H1c
1



[43 ] k�M6"�#�g n a>o�f�qO¢�M3�O« : 4 Taylor j®�(�,G�!M BAD �6� g���a�}uHvc
(1) cos z (z = π/2), (2)

1

1 + z
(z = 1), (3)

1√
1 − z2

(z = 0)

[44 ] kNMml��."'#�g z = 0 M3�O« : 4 Taylor j®u(�,��!M B�D �C� g���aP}~H¹c Z��� "�#j4P-P/ 8 z = 0 43M�� 8 0 4�-E/1�
	ug����/mc�_
(1) sin−1 z ( �E��� : (sin−1 z)′ = 1/

√
1 − z2),

(2) tan−1 z, (3) sinh−1 z, tanh−1 z

[45 ] k�Mml."�#pg n a>o+f�q����E¢JM3�'« : 4 Laurent j®�}~Hvc�ojª+%��
�E¢JM��� , BAD 0�2������.H1c
(1) sin

1

z + 2
(z = −2), (2)

sin z − z

z3
(z = 0), (3)

z

(z + 1)(z + 2)
(z = −2)

[46 ] f(z) =
1

(z + 1)(z + 3)
g¹kJM+l�0!2N%U�Ai@* BEDPF /3HjIv% Laurent �®@}7H¹c

(1) 1 < |z| < 3, (2) |z| > 3, (3) 0 < |z + 1| < 2, (4) |z| < 1

��������� 	�
��
B � � �������! #"%$'&

10. Taylor �®pS Laurent j®
(1) Taylor .® w
L�©A¢JM3�'« : 43MUt7T ?�#Aj®6c Z)(!#�M�*,+�S � YPc�_

(2) Laurent j® w
Z.- ; _/���A¢GMA�m« : 40��3®!4JTC/3HjI·X21
3�c'X21�%54.M�tNT'M�Vug687 c�Z:9<; [42] g>=,?Ac�_

{ @BA ¨ : 4NMUt7TUM�¨A�
L�©!¨E� w>aA#8C W LJMUt~TUM+¨A�

(3) Laurent j®�%jH6/ Z�- ; _����3¢GMm� �
• D w

Laurent �®PME4�MUt7T Z @�A ¨3_ W −n Fu��4 ⇐⇒ n G�M/D
• H
I,���E¢ w

Laurent �®PM @BA ¨ 8<J�K %5LNM ⇐⇒ H
I,���A¢
• OBP �6� KE���E¢ w

z = a 4 f(z)
W a�Qpo�fA*Ai�K�i 8 , lim

z→a
f(z)

W Q�R c Z @2A ¨ W K�(�c�_

2
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[47 ]

(1) "$#&%('�)*%�+�,.-0/ 12+43 R 5 C1 %(687
|F (z)| ≤ M/Rk (M, k > 1 9(:�; ) (a)

<>=�?A@(BDCDE�F.G�HDI
lim

R→∞

∫
C1

F (z)dz = 0 JLK�M!N
(2) k > 0 OQPSR I (a) %UT0V�W <�X$Y[Z]\�G0H^I lim

R→∞

∫
C1

F (z)eimzdz = 0 JLK
M!N4_`R I m 9ba�%bc!;dN

1fe Bhg %bi�j�9 I!kdl %(:!m0/Dnpo]74q ErgsB]F Nt5
[48 ] u!vDw�x�mD/rJ�q EyC�I�z %(:�m�/�%b{|J(}A~]�.N

(1)
∫

∞

0

dx

x6 + 1
, (2)

∫
∞

0

dx

(x2 + 1)(x2 + 4)2
,

(3)
∫

∞

0

dx

x4 + x2 + 1

[49 ] u!v�m0/rJ(q EyC�z %(:0m0/�%({rJ(}8~]�LN
(1)

∫
2π

0

dθ

3 − 2 cos θ + sin θ
, (2)

∫
2π

0

dθ

a + b sin θ
( _�R I a > |b|),

(3)
∫

2π

0

dθ

(a + b sin θ)2
( _`R I a > |b|)

[50 ]
z %(:�m0/|J(}A~8�LN
(1)

∫
∞

0

cos ax

x2 + 1
dx ( _`R I a > 0), (2)

∫
∞

0

cos πx

x4 + x2 + 1
dx

(3)
∫

∞

0

cos 2πx

x4 + x2 + 1
dx

[51 ] u!v�m0/rJ(q EyC�kdl %b{|J(}A~8�LN
(1)

∫
∞

0

sin x

x
dx, (2)

∫
∞

0

sin2 x

x2
dx

1



[52 ]
∫

∞

0

e−x2

dx =

√
π

2
J q E!C�I

∫
∞

0

cos(x2)dx =
∫

∞

0

sin(x2)dx =

√
π

2
√

2
1 Fresnel m0/D5

JsK0M4NQ1 ������� "	� %d��
�����8%L'p) C O���� C % my/ ∮
C

e−z2

dx J���� F Nt5
[53 ] "��>%('0)*O���� C %bm0/ ∮

C

za−1

1 + z
dz J q EyC>k�l JLKAM!N ( � � za−1 9�� �! ;"��%47$#�%b/ %rJ��&� F(' J*)�:�+ F*,.-"/hY10 5

∫
∞

0

xa−1

1 + x
dx =

π

sin πa
(0 < a < 1, c!; )

[54 ]
∫

∞

0

ln(x2 + 1)

x2 + 1
dx = π ln 2 JLKdM�N

1 �2�3�4� "$#&%('�) C ObP�R I ∮
C

ln(z + i)

z2 + 1
dz J(}A~ F N 5

[55 ]
∫

∞

0

cosh ax

cosh x
dx =

π

2 cos(πa/2)
(|a| < 1) J.K^M!N

1 �.�3��� ��5 ±R
I
±R + πi J76.5 O98 \(:2;=< %�'!) C O(PhR I ∮

C

eaz

cosh z
dz

J(}A~ F N 5

RO

C

x

y

I

III

II
π/4

R
O

C

x
ρ

I

II

III

IV

−1−R

">� "��

2



��������� 	�
��
B � � �����������
	��

11. :�m0/0npo ;!:���%�� - ���0q��pR C cy:!m�/ %Qn4o < /DF N���� �buyv0w^xUm�/ J q EC�I :4m!/]% { JL}^~ F e�� < 7�� F %�7 /0F N k0l O��p%�� �!  ��" J$#�% F N
(1)

∫
∞

−∞

F (x)dx (F (x): &�� ! ;D5 �
"$#&%('�) C O��3� C %(m0/ ∮

C

F (z)dz J*� � I r → ∞ ��+ F N
(2)

∫
2π

0

G(sin θ, cos θ)dθ (G: sin θ
I

cos θ %'&�� ! ;d5 �
z = eiθ 7�6 %Qm^/ J�(�) + B+*>I�, 5|J.-0/ F2143 , C O \�E!C %Umd/∮

C

F (z)dz ��� F N
(3)

∫
∞

−∞

F (x) sin mxdx,
∫

∞

−∞

F (x) cos mxdx (F : &5� ! ; )
�

"$#&%('�) C O��3� C %(m0/ ∮
C

F (z)eimzdz J�� � F N
(4) (1) 6^9 (3) 7>c�7�6]7 8:94; J*8 \=< % �
" � ∫ ∞

0

sin x

x
dx

"�>.%�?*Obc�7�6�% 8@9!; J�A @�B �DC F '�)*O9��� C m0/dN
(5) �!%�E �1GF0H [52]∼[55] J�I.J05

R−R O

C

x

y

R

R−R O

C

x

y

ρ−ρ
I

II

III

IV

"�# "K>

3
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[56 ] !�"�#�$&%('�)+*-,�.
(1) /�02143457698;:(<=1�>�? CN @ N ACBED�"GFH1�I�1 z %KJMLON(P=1KQ�R�STVU %KWYX[Z]\&^;_a`cb�d�e

| cotπz| < 2

@gf�hji A | cotπz| ≤ coth π|y| `-bMLON CN 1Kkml�%�npo=6Kq�r�%sJML-t�^cu`�v4w�*9exF
(2) 'y" f(z) z CN I]{ |f(z)| ≤ M/|z|k (k > 1) `s|~}()j�y1�_-)=*�eV��L�N

M z N %s���c6�wak�"�_�)+*9e�^�1&_y�7N
lim

N→∞

∮
CN

cotπzf(z)dz = 0

`cb�L�Nm!�"�#�$~%V'�)=*c,�. � 12(1) ��`-�]�mdj3ce
(f(z) z9���V��1K��Lc�V�=}�6�w����&1m�m{�3�wVexF

(3) CN I]{ | sin πz| > 1/2
T(U %KWYX�Z]\�^H_�`cbHd�e

(4) (2) _s�~� @ f(z) %9J�)]*KFp���~1y�;{yNm,�. � 12(2) ��`-�+�md&3ce
(5) �9�&%=Lct(Nm,�. � 12(3) ��`cbHd�e
(6) �9�&%=Lct(Nm,�. � 12(4) ��`cbHd�e

N

CN

x

y

N+11 2−2 −1−N−N−1

(N+1/2)(1+i)

(N+1/2)(1−i)(N+1/2)(−1−i)

(N+1/2)(−1+i)

/�0

1



[57 ] �;�~`-!�"�#�$&%y'�)+*s,�.�`�v�wmtVbHd�e
(1)

∞∑
n=−∞

1

n2 + a2
=

π

a
coth πa

(2)
∞∑

n=−∞

(−1)n

n2 + a2
=

π

a

1

sinh πa

(3)
1

12
+

1

22
+

1

32
+ . . . =

π2

6

(4)
1

12
−

1

22
+

1

32
−

1

42
+ . . . =

π2

12

(5)
1

13
−

1

33
+

1

53
−

1

73
+ . . . =

π3

32

(6)
1

14
+

1

24
+

1

34
+ . . . =

π4

90

[58 ] Mittang-Leffler 1�����,�.�`-�+�md�3ce
[59 ] Mittag-Leffler 1�����,�.�`Kv4wmtVN��;�&`cbHd�e

(1) tan z =
∞∑

n=1

2z

[
(2n − 1)π

2
]2 − z2

(2) cot z =
1

z
+

∞∑
n=1

2z

z2 − (nπ)2

(3) � sin z 1	�]��
�����(�
sin z = z

∞∏
n=1

(1 −
z

nπ
)(1 +

z

nπ
)

( fGh i A d

dz
log(

sin z

z
) = cot z −

1

2
)

(4)
2

1
·
2

3
·
4

3
·
4

5
· . . .

2n

2n − 1
·

2n

2n + 1
· . . . =

π

2

2
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12. !�"~1�#�$�
P�1�!�"&%('m)+*c,�.~z�N f(z) %9J;)=*c���(t��+w9���~1+�;_7{yW X[Z]\ @ [56]��� F e
(1)

∞∑
−∞

f(n) = −{f(z) 1V)��GtH1K�~%����G* π cot(πz)f(z) 1���"~19#�$ }

(2)
∞∑
−∞

(−1)nf(n) = −{f(z) 1V)��GtH19�&%�����* π
1

sin(πz)
f(z) 1���"�19#�$ }

(3)
∞∑
−∞

f(
2n + 1

2
) = {f(z) 1V)��GtH1K�&%����G* π tan(πz)f(z) 1���"&1K#�$ }

(4)
∞∑
−∞

(−1)nf(
2n + 1

2
) = −{f(z) 1V)��GtH1K�&%����G* π

1

cos(πz)
f(z) 1���"~1K#�$ }

13. Mittag-Leffler 1�����,�.
(i) 'y" f(z) z z n���% �+�]%� �!-1#"%$'& an (n = 1, 2, . . .) `��)(�N�*(u��
zV)%�Gt�0,+�1K�4{'-;*�_ )+*9e

(ii) � an z 0 < |a1| ≤ |a2| ≤ |a3| ≤ . . . `c|~}V)��a1�_�L�N z = an %.���;*/�"�` An _ )+*�e
(iii) 01&j`.243�_ )�*�576 T RN {98K1K���;:���6�w�< CN I={ |f(z)| < M {

-G*=_�)]*Ke~^m^�%KN M z N %s���-6�w9,�"4{=- X N N → ∞ { RN → ∞
_ )+*9e

��I~1 (i) N (ii) N (iii)
T |�}�>Ku=*-���GN Mittag-Leffler 1����y,�.
f(z) = f(0) +

∞∑
n=1

An{
1

z − an

+
1

an

}
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14. 0@?4'a"~1�r%A

I. B]'�" A
z = ∞ `DCGwG}�E�n��4{y8�F�6p'a"
(Ia) ��.�B4'�" @ n P� %G�S~1m��F . . . �]�y��1.HJI/&j`c�4\pe
(Ib) K�L�B4'�" . . . �]����17HJIM&�`c�]\(e @ON A ez N sin z F

II. ��.�P]'�" A
(z = ∞ `DC;w�}aF�E�n%�4{�"�$1&�_�L-t��~1p�4`-�4\���1 @OQ�R "%$�&�`��}�6�wyF e

(IIa) ��.+'a" . . . �4�y�=1K� `c�4\pe
(IIb) K�LG�m.�P]'�" . . . �]�V��1K��`c�]\ @ON A cot z F e
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